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Hello class! The goal of this lesson is to solve an application problem involving 

algebraic fractions. (Oh boy, fractions, your favourite!) All the operations you 
learned to do with numeric fractions in grade school (multiply, "flip and multiply" 

to divide, LCDs to add, etc.) we will be learning today except that the numerator 
and denominator of our fractions will be polynomials. Take your time working 
through this application from economics and be sure to ask any questions you 

have on the discussion board. I'll "see" you there!  

My father-in-law worked for the U.S. Department of Transportation in the 1980's. 

This example is based on research done during his tenure and motivated by a 
similar problem in Hubbard & Robinson's Algebra: Discovery and Visualization. 
Hopefully seeing some usefulness to rational expressions will provide some 

motivation for learning rational expression operations. 

According to the American Automobile Manufacturers Association, the following 

data gives the costs associated with owning and operating an automobile in the 
U.S. during 1988-1993. The variable costs refer to items such as fuel, oil, 
maintenance, and repairs. The fixed costs include insurance, registration, and 

depreciation. 

Year 
Variable Costs 
(cents/mile) 

Fixed Costs 
(dollars/year) 

1988 7.6 3061 

1989 7.9 3534 

1990 8.4 3877 

1991 9.8 4217 

1992 9.1 4538 

1993 9.3 4486 

Question 1. According to this data, how much did it cost you to operate your 
automobile during 1992? What information besides this table do you need to 

answer that question?  

Solution 1. You would need to know how far you traveled that year. In that year 

I lived 64 miles from work and traveled at least monthly to Canada plus other 



weekend trips. I put 58000 miles on my new car in '92. So my total cost was 
4538 + 58000(0.091) = $9,816 ... ouch!!!  

We can extrapolate rational expressions from this data to roughly model these 
costs (we'll leave the details of the extrapolation for another class!) Let t be the 

number of years since 1985. 

Variable costs = V(t) = (20t+154)/(t+25) in cents/mile 

Fixed costs = F(t) = 1000(11t+20)/(t+14) in dollars/year  

Question 2. Test the accuracy of these formulas for 1988 and for 1990. For 

which of these two years do these rational expressions better approximate the 
data?  

Solution 2. For 1988 we need to use t=3 (3 years since 1985) and for 1990 t=5. 
1988: V(3) = (20*3+154)/(3+25) 7.64   

and  F(3) = 1000(11*3+20)/(3+14) 3117.6 
1990: V(5) = (20*5+154)/(5+25) 8.47 
and  F(5) = 1000(11*5+20)/(5+14) 3947.4 

The formulas are a tad more accurate in 1988 than in 1990, but they do a pretty 
good job of approximating the data overall. 

Question 3. Are these formulas reliable for years outside 1988-1993? 

Solution 3. What happens, for instance, in 1980? If we plug t=-5 into F(t), the 

fixed cost is negative (hmm, sounds good to me!), but that is silly. How about in 
2000? Plugging t=15 gives a variable cost of 11.35 cents/mile, but given the fuel 
crisis during that time, this formula is probably not reliable. (In fact, my state job 

repaid me at 33.5 cents/mile for travel during that year.) 

So, these formulas are fairly accurate during 1988-1993, but may become 

unreliable outside of those years depending on societal changes and economic 
factors. 

Let's use these formulas to come up with a total cost C of owning and operating 
an automobile during the years 1988-1993. We need to add C(t) = V(t) + F(t). 

Watch the units though! To add these two rational expressions we must make 
the units consistent first (i.e., both dollars/year): 



 

To add we need to build up each fraction so they will have the same LCD: 

 

FOILing and simplifying the numerator: 

 

I wonder if this numerator factors and if this rational expression is reducible? We 
can certainly factor out the GCF 200: 

 

I don't know about you but I'm not crazy about trying the trial 'n check method 

to factor this numerator's trinomial! What if it's prime? But the only reason we 
want to factor the numerator is to try to cancel one (or both) of the factors in 

the denominator. So unless t+25 or t+14 is a factor of 65t2+1692t+3578, then 
who cares if the numerator factors further? How can we easily test if t+25 or 
t+14 are factors of this trinomial? Think about this for a minute. 

Ok, your minute is up. Did you get it? You could try long dividing the numerator 
by t+25 and t+14 to see if either leave no reminder, but that would be the long 

(ha ha) way. If you have a calculator handy, try this shortcut. If t+25 is a factor, 



then 25 would evenly divide into 3578, but it doesn't! And if t+14 is a factor, 
then 14 would evenly divide into 3578, but it doesn't either! So we have found 

the most simplified version of the total cost formula: 

 

The graph of this function letting the horizontal axis be time t in years since 1985 

and the vertical axis be C cost in dollars is: 

 

There are many questions we could ask ourselves in analyzing this graph. For 
instance, what is the significance of the C-value where the graph crosses the 
vertical axis? During which years were the cost of operating an automobile 

increasing most rapidly? According to this graph, will the costs likely continue to 
rise or will they level off? Can you think of other questions you might ask in 
regards to this analysis? 

I hope this example has provided you a peek at the usefulness of rational 

functions in a real-world application. This was a fairly simple example. The more 
complicated the application the more interesting the analysis can be! Rational 
functions are rich, versatile, and a core component of mathematical modeling. 

 


